We study superconformal and supergravity models with constrained superfields. The underlying version of such models with all unconstrained superfields and linearly realized supersymmetry is presented here, in addition to the physical multiplets there are Lagrange multiplier (LM) superfields. Once the equations of motion for the LM superfields are solved, some of the physical superfields become constrained. The linear supersymmetry of the original models becomes nonlinearly realized, its exact form can be deduced from the original linear supersymmetry. Known examples of constrained superfields are shown to require the following LM's: chiral superfields, linear superfields, general complex superfields, some of them are multiplets with a spin.
Introduction
Constrained superfields are useful in cosmology, both for the description of dark energy via de Sitter supergravity, as well as for inflationary model building. However, it is often believed that one can use non-linearly realized supersymmetry with constrained superfields only at low energies, otherwise one may encounter a violation of unitarity. A simple example of such a situation is when in supergravity in flat space the scalar component of a chiral superfield is very heavy. As shown in [1] , at energies above s c = 6 √ 2π m 3/2 M P l , unitarity may be violated. During inflation the relevant parameter is not the gravitino mass m 3/2 but a combination of it with the Hubble parameter, which sets the scale of spontaneous supersymmetry breaking F ∼ m 2 3/2 + H 2 M P l , as shown in [2] . Therefore, generically, it was argued in [3, 4] , that no violation of the unitarity bound is expected during inflation at sub-Planckian energy density. The issue of the unitarity bound during inflation was also raised in the context of inflationary models in [5] where it was shown that during inflation no violation of unitarity takes place, due to specific features of these models.
However, during the exit from inflation and reheating as well as in particle physics, the situation with the unitarity bound still has to be investigated. The experimental searches of supersymmetry are usually based on the assumption that super-partners have somewhat different masses. However, if there are models with constrained superfields where the unitarity bound is not violated, maybe one can speculate that in some cases the 'linear superpartners' of known particles are absent/extremely heavy?
The arguments above serve as a motivation for our study of a consistency of models with constrained superfields where the action is invariant under a non-linearly realized local supersymmetry. This involves a derivation of these models from the underlying models with linear supersymmetry with additional multiplets, Lagrange multipliers, where all superfields are unconstrained.
The most famous example is the Volkov-Akulov (VA) model [6] , which has a spontaneously broken global supersymmetry and only a fermion field in the spectrum. The nonlinear partner of the one fermion state is a two-fermions state, there are no bosons in the spectrum. The relation between linear and non-linear supersymmetries, often in the superspace context, was investigated from the early days of supersymmetry, e.g. in [7] , where the nilpotent chiral multiplet S 2 = 0 where S ≡ S(x, θ), was proposed to describe the VA theory. Constrained superfields in global supersymmetry were suggested in the past and many of them were described in [8] . The theory with a constrained nilpotent superfield S 2 = 0 was shown to be equivalent to the VA model [9] . A superfield expression of the Volkov-Akulov-Starobinsky supergravity and the explicit bosonic part of it was proposed in [10] .
During the last couple of years the strategy to find a complete local supergravity action with non-linearly realized supersymmetry was proposed. The first step [11] was to introduce a set of Lagrange multipliers in the superconformal theory where the chiral multiplet superconformal calculus was used, and the corresponding F -term action was supplemented by a Lagrange multiplier (LM) term. The superconformal action in such case was defined as follows
where the LM's Λ k are chiral superfields. All supersymmetries are linearly realized as long as the chiral LM's are present in the action. When the equations of motion for the Λ k are solved then they lead to constraints on the chiral superfields:
A specific example 1 of one such LM in a superconformal theory is
This is a linear superconformal model that becomes a theory of one nilpotent chiral multiplet (X 1 ) 2 = 0, interacting with other multiplets, when the equations of motion for the LM Λ are solved. Other such models are associated with holomorphic constraints like X 1 X 2 = 0 or X 1 W α = 0. In this last case the LM is a chiral multiplet Λ α with spin. We will discuss various LM superfields in detail. The underlying linear models for chiral constraints are defined by (1.1). A class of superfield expressions for the supergravity models with constrained curvature superfield, their dual with the nilpotent superfield, and their bosonic actions were presented in [13] .
A complete supergravity action with fermions and non-linearly realized local supersymmetry of the VA type, generalizing the global case to the so called 'pure de Sitter supergravity', was presented in [14] for one nilpotent superfield interacting with supergravity, and for a general coupling with supergravity and other multiplets in [15] . Another interesting aspect of the relation between linear and non-linear supergravities with a nilpotent multiplet was revealed in [16] , where it was shown that one can derive the model with non-linear supersymmetry by taking a formal limit in which the mass of the sgoldstino goes to infinity, starting from a model with a linearly realized supersymmetry. Examples of linear supersymmetry models that do not support constrained multiplets were reviewed in [17] . For the consistency of the non-linearly realized supersymmetry models it is possible but not necessary to derive them from linear models. The method of Lagrange multipliers of a general nature, which will be developed in this paper, is a direct tool for constructing consistent models of non-linear supersymmetry and constrained superfields.
New orthogonal nilpotent superfields, which were recently used in the context of supergravity inflation in [18, 3, 4, 19] , are not described by the chiral LM's. The so-called 'relaxed set of constraints' is given by the requirement that the inflaton superfield Φ and the stabilizer superfield S satisfy the following constraint
where
The orthogonal nilpotent constraints are
We will show that for the 'relaxed set of constraints' (1.4) the LM is a linear superfield, whereas for the orthogonal nilpotent constraints (1.6) we will need a complex general superfield, as was already proposed in [3] . This requires us to build superconformal models with complex superfields as LM's. In principle, the corresponding constructions may be obtained from [20, 21, 22] . Here we will present them in the framework and in the notation of [23] and with some modifications useful for the analysis of the non-linear supersymmetry.
Thus, our goal is to define the superconformal models of the type
Here V are some linear or general complex superfields, LM's. All supersymmetries are linearly realized as long as the LM's are present in the action (1.7). When the equations of motion for the V are solved, then the physical superfields satisfy the constraints
Particular examples of such theories include the case of the 'relaxed set of constraints' (1.4) and the orthogonal nilpotent supermultiplets in (1.6), studied in the supergravity context in [3, 19] . An alternative method, not using LM's, of relating linear supersymmetry and supergravity models to non-linear ones, is developed in [24] for the constraints in (1.4) and (1.6) by sending the masses of the sgoldstino, inflatino and sinflaton to infinity, as it was done before for the case of one nilpotent multiplet in [16] .
Various constraints and Lagrange multipliers
In this section, we will consider various constraints on multiplets. We consider here only the Lagrangian term that provides the constraint, hence the terms with Λ k or V in (1.7). We will consider the form of this term for various cases, and give the consistent Weyl weights for the constrained multiplets and the Lagrange multiplier multiplets. Note that there may be arguments for a particular Weyl weight from the way in which the fields appear in other parts of the action, and they can be modified by redefinitions of the form X = (S 0 ) p X, for S 0 the compensating chiral multiplet and p some convenient power. Such a replacement just amounts to invertible field redefinitions. We consider below chiral multiplets X, Y and a gauge multiplet W α . The fields and possible (Weyl, chiral) weights are denoted as follows multiplet fields weights (w, c) of defining field
In each case, there is the constraint X 2 = 0. We demand that the rest of the Lagrangian is such that the auxiliary field
Other auxiliary fields can be zero or non-zero. In the latter case the Goldstino is a combination of various fermions. But in the following, we will take Ω X to be the Goldstino.
We consider 5 models. The first 4 were already considered for rigid supersymmetry in [8] . We give below the references to where the models were studied in supergravity.
Here, the column w, w gives restrictions on these weights in (2.1), if there are any. 'Dependent' fields are the fields that become functionals of other fields due to the constraint. The remaining fields are independent. After the super-Brout-Englert-Higgs mechanism and solving the field equations, the remaining fields are in the column denoted by 'Physical'. Note that the first row is always included. This first row contains at the end the 'pure de Sitter supergravity' model [14] . The line 3' is an alternative formulation of the constraint 3. Model 2 is the one where only a real inflaton remains together with supergravity. These constraints are implemented by the following Lagrange multiplier multiplets:
3' is an alternative formulation of the linear multiplet, corresponding to V 3 = DαVα 3 .
General principles in short
A complex multiplet corresponds to a complex superfield. In order that it can be upgraded to supergravity, we need consistency with the Weyl and chiral weights, such that it can be written in superconformal calculus. Complex multiplets have a first (complex) component C, which can have (Weyl, chiral) weight (w, c) arbitrary.
2 Three noteworthy subcases are
where Z is the (second) fermionic component of the complex multiplet. We will give the detailed formulae below, including how to make general functions (e.g. products) of complex multiplets to construct other such multiplets. One just has to take functions that respect the homogeneity of the weights. There are 'density formulas' producing real actions, that are denoted as [X] F , for X the lowest component of a chiral multiplet, and [C] D for C the lowest component of a complex multiplet. These formulas require
Finally, an operation that is often used is to project a chiral multiplet out of a complex multiplet, which is the analogue ofD 2 in superspace. It is denoted as
for C having (w, c) = (w, w − 2) and then T (C) has weights(w + 1,
Many of these results were already given in [20, 21] . Other operations are possible involving spinor multiplets, which are also treated in [22] . We recapitulate the requirements on weights for these more general multiplets in Appendix B.
Components and transformation rules of the complex multiplet
The general complex scalar multiplet V has components
where C, H, K and D are complex scalars, and Z and Λ are Dirac fermions. The Q and S-supersymmetry transformation laws are [20] δ
The (Weyl,chiral) weights of the fields are (complex conjugation changes the sign of c)
They determine dilatations and chiral transformations for any field Φ according to
Finally, there are special conformal transformations for the following fields
The covariant derivatives that appear in (4.2) are therefore
Furthermore, (4.2) contains the anticommutator of covariant derivatives on C:
The superconformal curvatures for the dilatation D, U (1) symmetry T , and supersymmetry Q, are defined in [23] .
The multiplet that starts with the complex conjugate field C * is
where C denotes charge conjugation, which in a Majorana spinor representation is the complex conjugate.
The restrictions to real and (anti)chiral
The complex multiplet reduces to a real multiplet when C = C is real. That implies that its chiral weight vanishes c = 0. Then Z = ζ and Λ are Majorana, i.e. (P R Z)
The complex multiplet reduces to a chiral multiplet for P R Z = 0. This then implies for consistency with (4.2)
The remaining components can then be expressed in terms of the variables {X, P L V, F } of a chiral multiplet [20] :
However, for the conformal theory, this is only consistent when the chiral weight of C is equal to its Weyl weight: (w, c) = (w, w).
Similarly for the antichiral multiplet {X * , P R Ω, F * }, we have
Multiplication laws
The tensor calculus in conformal and Poincaré N = 1 supergravity was developed in several papers, the most complete version was given in [20, 22] . Other most relevant papers are [27, 28, 29, 21] . The components of the multipletC = f (C i ) are
In case the superfields have some spinor indices they may be treated as part of the indices i in these formula. One can also use the explicit expressions in [22] . Note that 2) due to the Fierz identity
where we indicated the symmetric part in (ijk).
If only chiral and antichiral multiplets occur, hence f (X α ,Xᾱ), for multiplets {X α , P L Ω α , F α } and {Xᾱ, P R Ωᾱ, Fᾱ} (and α andᾱ may run over a different range) this reduces toC
We did not consider here chiral multiplets that transform under the gauge group, in which case a few extra terms appear [23, Sec. 14.4.3] . On the other hand: if all multiplets are real multiplets f (C i ) where the multiplets are of the form in (4.9) we get [21] 
6 Chiral projection for the complex multiplets
The operation T acts on a complex multiplet with c = w − 2, producing a chiral multiplet with first component
This transforms left chiral according to (4.2) . The condition on the weights follows from the requirement that the Weyl and chiral weights of the components of K are equal. In superspace T is the operationD 2 (see translation in Appendix A). It is useful to consider also T (C * ), for which we then need that C has c = 2 − w. The first component is then
In summary
We can thus express this as "T carries weights (1, 3)". Further, note that in [22] this operation has also been defined for multiplets with external spinor indices, with the same restriction on weights, and restriction to multiplets with only chiral external indices. The components of T (C) are
If C is a chiral multiplet, i.e. of the form (4.11) then the condition on the weights for T (C) is not compatible with w = c. However, if this chiral multiplet has w = 1, then T (C * ) is defined and is a chiral multiplet with w = 2. This is then the map [23, (16.36) ] that associates to a chiral multiplet {X,
Note that an antisymmetric tensor multiplet (or 'linear multiplet') is defined as a real multiplet with T (C) = 0.
Action formulae
We will explain the notations for the actions: [C] D and [X] F . We start from the action formula of a chiral multiplet, which is [23, (16.35) ], where the notation S F is used. Here, and in several other places we use another notation: [· · · ] F , the corresponding actions differ by a factor 2. For a chiral multiplet {X, P L Ω, F }, this is
Note that this is only applicable to a chiral multiplet with w = 3, such that F has weights (4, 0). Then we define the action formula for a complex multiplet by
This is only consistent if the weights of C are (2, 0). The fact that the last term in (6.4) is a total derivative, leads to the equation
when both sides of the equation are defined in the conformal setting, i.e. C should have (w, c) = (2, 0). Therefore, the action depends in fact on the real part of the multiplet. For a real multiplet with Weyl weight w = 2 [28, 20] :
After using expressions for the dependent superconformal gauge fields and further manipulations discussed in [23, Appendix 17B] it can be written as
Cψ µ γ µρσ − iζγ ρσ γ * R ρσ (Q)
Theorems on T -operation
The T -operation vanishes on a chiral multiplet, and moreover
if Z is a chiral multiplet and the weights of C satisfy the first condition in (6.3). This theorem follows directly from the expression ofK in (5.4) applied to ZC. Indeed, the T -operation consists in (up to normalization) taking the chiral multiplet defined by the K component. Since in the chiral multiplet the K component and the right-handed component of Z vanish, the only remaining term is the product of the lowest component Z and the K component of C.
Observe that this theorem remains true if the multiplets are spinor multiplets. The extra spinor indices are then external indices, playing the same role as the indices i, j in the product rules (5.1).
One application of these equations is the following theorem [30] . For any two chiral multiplets Λ (with w = 0) and Z (with w = 1) we have
To prove this, the first step is to translate the left-hand side to the chiral form:
Then (7.3) implies that the term with Λ * is equal to the one with Λ, and (7.6) implies that T acts only on Z * . This proves (7.7).
Solution of EOM for V versus constraints
It was shown in [31] that the equations of motion before or after the constraints are equivalent. This means the following: We start with the action with Lagrange multipliers λ i , fields
Assume that
solves the constraints, i.e.
In such a case, it was shown in [31] that such a solution of the constraints, solving also the other field equations of (8.1), should be a solution of the effective Lagrangian where the constraints are already inserted: We start with the action for our LM term:
Denoting the components as follows 6) we find from the multiplication rules in (5.1)
One can see that the Lagrange multiplier D appears only in the componentD. Therefore its equation of motion is simply that C f = 0. Therefore, the equations of motion of all the Lagrange multipliers imply that all components of f (C i ) vanish, as we now show. Consider in general an invariant action
Here L i are some Lagrange multipliers that do not appear in other terms of the action, and C i are the constraints that then follow from the equations of motion of L i . We use the Bryce deWitt notation in which the sum over the indices i contains a spacetime integral. Now its clear that for any solution of the constraint, C i = 0, we should have that δC i = 0. Hence, if we have solved one particular constraint, then everything that follows from taking transformations should also be true when all equations of motion of the Lagrange multipliers are satisfied. At the end one checks that with the equations that one has obtained, all C i vanish.
It can be nontrivial to know which initial equation is sufficient to get all the equations that one needs. One has to look for an equation of low dimension, and supersymmetry gives then constraints of higher dimension. E.g. in the case above, we obtain C f = 0. Then the transformation of this gives Z f = 0, and so on for all the components. Hence all constraints are solved.
Example of orthogonal nilpotent multiplets
If we want to treat a D-term as in [3, (3. 11)], we have to assign the weights as follows: In order to be consistent with eq. (1.2) in that paper, and Φ is a chiral multiplet, Φ, Φ and B should have weights (0, 0). Assigning weights (w S , w S ) to S, the weights of the LM V should be (2 − w S , −w S ) in order to construct such a D-term. w S can be chosen conveniently. Then the weights of the chiral Λ in (3.8) should be (3 − 2w S , 3 − 2w S ).
If one associates S to one of the fields X I /X 0 in the usual conformal approach, then w S = 0.
The Lagrange multiplier [VSB] D
We take V to be a complex multiplet, S to be a (nilpotent) chiral multiplet and B = 1 2i
(Φ −Φ) to be a real multiplet. We use the notation
where b and ϕ are real and all other quantities are complex. Using the multiplication formulas, we find the following components for SΦ
We can also calculate the components of SB C SB = sb ,
Similarly, we find the following components forC = VSB C = Csb ,
Using the result for SB in (9.3) we can rewrite this as
This example illustrates the general point of Sec. 8 and demonstrates that once we solve the equations of motion for the components of the general complex superfield V we find that all components of the superfield SB must vanish.
10 Constraint that a multiplet is chiral, 'relaxed constraint'
Another constraint that has been considered is imposing that a multiplet is chiral or for the real case: that it is the sum of a chiral multiplet and its antichiral complex conjugate. We will consider now this real case. We have a real multiplet (4.9) and want to impose that it is the sum of a chiral and antichiral multiplet as given in (4.11) and (4.12). Defining
the multiplet should thus be of the form 2) and it should have weights (0, 0) to be consistent with chiral + antichiral. Comparing to a general form of such a real multiplet, (4.9), the main constraint is λ = 0. Then the form of (10.2) can be shown to follow by supersymmetry. A direct approach to describing the models with 'relaxed constraint' is to use the linear multiplet L for the LM superfield: it is a real multiplet that satisfies Hence, in order to be well defined, L should have weights (2,0) [32] . Putting (6.4) to zero, leads to a multiplet with components {L, χ, E µν } where L is real, χ is Majorana, and E µν is a gauge antisymmetric tensor. It is embedded in the complex multiplet in the form [20] L, χ, 0, 0, 4) where the last equation implies that E a is a covariant field strength of an antisymmetric tensor, E µν [32] :
The multiplet can also be written in terms of a chiral spinor prepotential L α :
The weight requirements on spinor multiplets are discussed in Appendix B. They imply here that L α has weights ( , 0). The expression in (10.6) satisfies (10.3) using [22, (3.22) ] and [22, (3.9) ].
We will now prove the following result, already mentioned in [33, (3.18) ]. If there is a linear multiplet L that is used as a Lagrange multiplier with a term in the action of the form [LU ] D , where U is real (and has Weyl weight 0), then the equations of motion of L imply that U is of the form (10.2), i.e. a chiral + antichiral multiplet.
First, we prove that if L is linear and U = X + X * , where X is chiral, then [LU ] D = 0. Indeed, starting with (7.2):
using in the different steps (7.3), (7.6) and (10.3) .
Using the prepotential formulation we can also write
If L α is chiral, then its field equation is T D α V = 0. In order to work with primaries we should have
9) The main step will be to prove that
This follows from the fact that D α by its definition is distributive and
Then we write
Then, using that (7.6) also holds for spinor multiplets, the field equations of L α imply that T (D α U ) = 0. Indeed, in the multiplication of chiral multiplets, nor in the action formula appear derivatives on the fields, and the field equations are thus linear. T (D α U ) = 0 is the multiplet that starts with λ. Thus this is the condition that U is of the form (10.2): chiral + antichiral.
One more possibility to describe the models with 'relaxed constraints' is the following. In [32] the action for the product of the linear multiplet and another real multiplet,
has been obtained:
(10.14) This is in agreement with the calculation in (10.7): it says that the only components of the real multiplet that appear are those that are invariant under C → C + Λ +Λ. Here one can see immediately that the field equations are
where B is a priori an arbitrary field, which can be identified with the one in (10.2), where
Summary
The action (1.7) has a linearly realized supersymmetry and in addition to the physical superfields there are Lagrange multiplier superfields Λ k and V , all superfields are unconstrained. Integrating the LM's out from the action (1.7) we derive the action with constraints imposed and a non-linearly realized supersymmetry. This is a property of the action (1.7) after the equations of motion for all LM are solved:
But since we also have an underlying model with linear supersymmetry (1.7) where the LM superfields are off shell, our non-linear action (11.1) follows from the linear one. Likewise the corresponding non-linear supersymmetry transformations can be deduced from the linear ones. A clear example of this was given in the case of one nilpotent superfield and one chiral LM superfield in [11] which led to the explicit action of 'pure de Sitter supergravity' in [14] . Now we have a general understanding of the relation between linear and non-linear models with LM superfields in F-terms and in D-terms: the non-linear models arise in our approach as models where the equations of motion for the LM superfields have been solved. This explains why they are consistent and how the non-linear supersymmetry transformations rules follow from the linear ones. Since now our LM's are of a general nature, not constrained to be chiral, our new analysis includes the constrained superfields, like the orthogonal nilpotent superfields and the relaxed version of it, studied in the global supersymmetry case in [8, 18] and developed to a local supersymmetry in [3, 19] . Here we presented the underlying linear superconformal models for the constrained non-linear models, which are of a particular interest to cosmology [4] .
A Translation to superspace
The recent work on component versus superspace approaches to conformal supergravity is in [34] . Here we will use the translations to superspace as in [ 
Comparing with (7.1) and (7.4), we have
To facilitate the writing we will define d 2 θ and d 4 θ as 
B General multiplets
Now we consider general multiplets that have spin. We denote the spin as (J 1 , J 2 ), where e.g. a scalar multiplet has (0, 0), and a multiplet like W α has (
, 0). We use here the indices α for left-handed projections, andα for right-handed projections of spinors.
There are a few ways to constrain multiplets and to build multiplets from other multiplets. The D α operation consists in taking the P L Z component of the multiplet C as first component, while Dα takes the P R Z component. The T operation is defined in (6.1) from the K component. However, we require then that these do not transform under Ssupersymmetry, i.e. they are primary superconformal fields. Here is a table of requirements on the weights in order that these objects are primary [22] 
